Abstract. We develop a scheme for deterministic generation of an entangled state between two atoms on different Rydberg states via a chirped adiabatic passage, which directly connects the initial ground and target entangled states and also does not request the normally needed blockade effect. The occupancy of intermediate states suffers from a strong reduction via two pulses with proper time-dependent detunings and the electromagnetically induced transparency condition. By solving the analytical expressions of eigenvalues and eigenstates of a two-atom system, we investigate the optimal parameters for guaranteeing the adiabatic condition. We present a detailed study for the effect of pulse duration, changing rate, different Rydberg interactions on the fidelity of the prepared entangled state with experimentally feasible parameters, which reveals a good agreement between the analytic and full numerical results.
Introduction
Entanglement, as one of the unique quantum features, is not only an important resource for quantum information processing, quantum computation, and quantum metrology, but also a subject of great theoretical interests to understand the quantum physics. It has been demonstrated in a great variety of quantum systems such as photon pairs [1, 2] , trapped ions [3] , atomic ensembles [4, 5] and nitrogen-vacancy centers [6, 7] . Owing to the weak interactions, the creation of entanglement between neutral atoms in the ground state has to resort to the additional enhancement approaches, such as using a high-Q cavity to mediate the interaction between transient atoms [8] and controlling interatomic collisions by the optical lattice [9] .
Recently, rapid developments of researches in Rydberg excitations provide a new route to the creation of entanglement with neutral atoms. The dipolar interaction between alkali-metal atoms in highly-excited Rydberg states becomes orders of magnitude stronger than the interaction between ground states, which inhibits the simultaneous excitation of two or more atoms into the same Rydberg state by the so-called blockade effect, entangling two atoms in the ground state or the Rydberg state [10, 11] . The blockade mechanism in Rydberg atoms opens many new possibilities to exploit neutral atoms for the study of quantum computation and simulation [12] . After the first proposal suggested by Jaksch and coworkers to implement a fast twoqubit entangling gate [13] , there has been a variety of theoretical and experimental works for realizing entangled state with Rydberg atoms by strong blockade, where the Rydberg interaction strength is large compared to the Rabi frequency of driving laser [14, 15, 16, 17, 18, 19, 20, 21, 22] . For example, combing dissipation and Rydberg blockade can create various complex entangled states [23, 24, 25, 26] . Especially, in a multi-level atomic system, the STImulated Raman Adiabatic Passage (STIRAP) combined with Rydberg blockade is manifest as an efficient way to resist spontaneous emission in producing entangled states [27, 28, 29, 30] . The essence of STIRAP relies on the use of counterintuitive laser pulse sequence to transfer population by adiabatically following a dark state, which does not involve intermediate states [31, 32] . More recently, an alternative scheme by using double adiabatic passage across a Förster resonance for the implementation of two-qubit quantum gate without blockade is also proposed [33] .
In the current work we develop a scheme for deterministically preparing an entangled state between two atoms on different Rydberg states (i.e. (|sr +|rs )/ √ 2, |s and |r are Rydberg states) by a frequency-chirped adiabatic passage and without the requirement of strong blockade. We consider a pair of three-level ladder-type atoms that is initially prepared in the ground state and investigate its adiabatic transfer towards the target entangled state by using proper time-dependent detuning pulses [34, 35, 36] . Such a level configuration with two or more Rydberg states contains richer nonlinear phenomena due to its complicated interactions between different Rydberg states [37, 38, 39, 40] . According to the analytical expression of adiabatic eigenstate given by the perturbations, the temporal profile of pulses can be directly obtained, for achieving a high fidelity between the real final state and the target entangled state. The influence of Rydberg interactions, especially the exchange interaction between different Rydberg states, on the fidelity is also investigated. Our scheme can serve as a new avenue to the generation of robust and clean maximal entanglement between Rydberg atoms. Comparing to the common entangled states with one Rydberg state and one ground state, the obtained entangled state involving two different Rydberg states has more widely applications in the quantum technology. 
The two-atom Scheme
The physical setup for the entanglement generation, see Fig. 1(a) , involves a pair of cold atoms with two highly-excited Rydberg states |s , |r and one ground state |g . |g and |s are coupled with an effective laser Rabi frequency Ω and detuning ∆ by an one- [41] or two-photon [42] process. The Rydberg state |s is further coupled to another adjacent Rydberg state |r under microwave Rabi frequency ω and detuning δ. Spontaneous decays from |s (or |r ) to |g is denoted by γ s (or γ r ).
The Hamiltonian describing the system can be written as (h = 1 everywhere)
where the single atom Hamiltonian is H j = ∆σ [43, 44] and the dipole-dipole (DD) interactions [45, 46] . If two atoms occupy same state |s or |r , the intrastate interactions are described by the vdWs type, which are
and if they occupy differently, the interstate exchange interaction described by the DD type is
Here, V 0,ss = C There are various approaches for generating entanglement with Rydberg atoms. One typical way is using blockade effect in which the intrastate interaction is larger than the effective Rabi frequency between the ground and Rydberg states, giving rise to a singly-excited collective state (entangled state) |E = 1/ √ 2(|gr + |rg ) of two atoms [51, 52] . State |E can further be extended to generate a many-atom entangled state
..g N with one excitation shared by N atoms in the ensemble [53, 54] . Another way is relying on a STIRAP that can transfer the population onto an entangled state of two lower states |D ∞ = 1/ √ 2(|ss − |gg ) (subscript ∞ means t → ∞), by adiabatically following a dark state [27] . This entangled state is robustly created irrespective of the precise values of couplings and interactions.
More recently, Rost's group proposes a scheme of creating entangled atom pairs via interstate resonant DD interactions between two different Rydberg states [18] . After preparing twin atom clouds in a blockaded condition by strong vdWs interactions, they find the resonant DD interactions can give rise to a conversion from the blockaded state to a many-atom repulsive exciton state. The key for realizing this entangled exciton state is making a pair of atom clouds that only supports one collective excitation per cloud, which is the basic effect of strong blockade. As for one atom per cloud, by separately controlling the excitation of atom in each cloud, the two atoms can finally be prepared onto an entangled exciton state |Ry = 1/ √ 2(|sr + |rs ). A more general case where the entanglement is created between two distant atom clouds by using Rydberg dressing is predicted in [19] and the excitation transport of exciton is also studied in [55] .
Inspired by these works, we focus on preparing a high-fidelity entangled state |Ry between two Rydberg states |s , |r via a chirped adiabatic passage. Comparing to |E and |D ∞ , the production |Ry containing two Rydberg states is highly stable and easy to be manipulated with external fields. Differing from Rost's works, the time-dependence of the fields (lasers, detunings) is intuitively obtained from the presence of an adiabatic eigenstate, which directly connects the initial (ground) and target (entangled) states with a big suppression to the population of intermediate states. Also, the requirement for strong interactions is weak in our scheme.
Chirped adiabatic passage
For two atoms the evolution of system preserves the symmetry under the exchange of atoms so it is sufficient to rewrite the Hamiltonian (1) in the symmetric twoatom basis |j = {|gg , (|gs + |sg )/ √ 2, |ss , (|gr + |rg )/ √ 2, (|sr + |rs )/ √ 2, |rr } (j = 1, 2, ..., 6), with |5 (=|Ry ) the target entangled state. H can be given in a matrix form, as
where the effective detunings are S = 2∆ + V 0,ss , R = 2δ + V 0,rr and
We consider a two-atom eigenstate in a generalized form, which is
with |a j (t)| 2 standing for the population in each basis |j . Our target is allowing |λ(0) = |1 and |λ(∞) = |5 , and the population of intermediate states is deeply suppressed, satisfying
For that purpose, due to the adiabatic theorem of quantum mechanics, a novel non-degenerate adiabatic eigenstate |λ 0 (t) is required in which the system can evolve without making any transitions, when the level spacing of |λ 0 (t) with other eigenstates is much larger compared to the changing rate of the Hamiltonian H(t) [56] . Commonly speaking, this target could be realized by preparing a dark state, which is fully unaffected by the short lifetime of intermediate excited state, as similar as in a three-state system due to quantum interference [57] . However, accounting for the complex energy levels and interactions, a quasi-dark adiabatic eigenstate |λ 0 (t) is obtained instead, in which the population of intermediate states can not be perfectly suppressed.
Direct solving the secular equation of Hamiltonian (5) gives rise to six sets of eigenvalues λ k (t) and eigenstates |λ k (t) (k = 0, 1, 2, ..., 5). To extract the adiabatic eigenstate |λ 0 among them, we first utilize the perturbation method in the limit of Ω/ω ≪ 1 to simplify the secular equation with eigenvalues λ k . The resulting smallest eigenvalue to the third order of Ω/ω can be given by
Besides, the nearest and next-to-nearest eigenvalues with respect to λ a 0 are given by
where the superscript a stands for analytical results. The condition of Ω/ω ≪ 1 indicates that the microwave driving (labeled by ω) is stronger than the laser driving (labeled by Ω), i.e. the electromagnetically induced transparency (EIT) condition [58] . From Eq. (7) it implies δ∆ < 0 is necessary (avoiding the divergence of λ a 0 ) for keeping |λ a 0 | a small value, which plays a crucial role for the existence of such a quasi-dark state |λ 0 for realizing an adiabatic evolution onto the entangled state |5 . Accordingly, the population in this adiabatic eigenstate |λ a 0 (t) is approximately described as
with a a 1 solved from the conservation: |a
Initially, δ = 0 and Ω/ω ≪ 1 ensure the preparation of |λ
. According to Eq. (13), we see |a a 5 | increases with S or δ. For the purpose of letting |λ a 0 (∞) = |5 at the final time, one possible way is adiabatically tuning |∆(t)| and |δ(t)| from 0 to large positive values, during which its instantaneous eigenstate |λ a 0 (t) persists. Based on the above analysis, the time dependence of the envelope for the chirped detunings can be intuitively obtained, as presented in Fig. 1(c) where |δ(t)| and |∆(t)| are both adjusted from zero to positive values with opposite signs for δ∆ < 0. The temporal profiles of laser and microwave pulses are also displayed in Fig. 1(b) , where ω is fixed and Ω(t) changes slightly with time for keeping the adiabaticity. Note that ω ≫ Ω max (the peak value of Ω(t)) is always kept. Comparing to [18] where the required shapes of microwave and detuning pulses are relatively complicated, the pulses needed in our scheme are more flexible that only should satisfy the adiabatic evolution of |λ a 0 (t) . Based on the analytical expressions of eigenvalues |λ a 0 (t) and |λ a 1 (t) [see Eqs. (7)- (8)], the adiabatic condition is given by [59] 
with λ 0 and λ 1 the eigenvalues of the target adiabatic and its nearest neighboring nonadiabatic eigenstates. In addition, from Eqs. (11) and (14), we notice that if V 0,ss or V 0,rr is compensated by proper detunings, i.e. S or R vanishes, the emerging anti-blockade effect would enhance the population in the doubly excited state |ss or |rr , rather than the target entangled state (|sr + |rs )/ √ 2. To avoid this, a direct way is allowing ∆(δ) and V 0,ss (V 0,rr ) to have same signs. In experiment, it is feasible to prepare atoms in Rydberg state |s with attractive intrastate interactions V 0,ss < 0 [60].
Fidelity of adiabatic passage
The realistic dynamics of system is governed by the two-atom master equation
with the Lindblad operators L j [ρ]
where γ s(r) is phenomenologically introduced to present the spontaneous decay of Rydberg state |s or |r . ρ(t) is the density matrix operator whose diagonalized elements ρ jj (t) stand for the real population dynamics of |j . In the full numerical simulation, we consider a pair of chirped (time-dependent) detuning pulses, modeled by
where δ max and ∆ max are the peak values of δ(t) and ∆(t), and m a variable that characterizes the changing rate. t max is the pulse duration. The laser pulse Ω(t) is modeled as a slowly-changing function,
with the peak value Ω max and the pulse width T Ω .
To show the feasibility of scheme, experimentally realistic parameters are adopted in the numerical calculations. We choose Ω max =5.0MHz, ω=20MHz (ω > Ω max ), δ max = 200MHz, ∆ max = −1.0GHz, T Ω = 1.0µs. The intrastate vdWs interactions should be V 0,ss < 0 (same sign as ∆(t)), V 0,rr > 0 (same sign as δ(t)) as suggested. To be specific, we take 87 Rb atoms in n ≈ 57, and |s = nP 3/2 , m j = 1/2 , |r = nD 3/2 , m j = 3/2 .
Note that the vdWs coefficients for Rydberg states 57P 3/2 , 57D 3/2 are both angulardependent, so we focus on the case of θ = π/3, where θ is defined by the angle between interatomic displacement and the quantization axis. Accounting for the results in Refs. [61] that the scaled energy shifts of |s and |r are approximately −85 and 100 respectively, it leads to the vdWs coefficients C ss 6
≈ −2π × 152GHzµm 6 and C rr 6 ≈ 2π × 230GHzµm 6 . For the DD exchange interaction between |s and |r , we use the formula C when θ ≈ π/3. With these dispersion coefficients we could estimate the interaction strengths {V 0,ss , V 0,rr , D 0,sr } = {−30, 45, 7.0}MHz for two atoms separated by a distance of 5.63µm [62, 63] . In addition, the effective lifetime of |s and |r are 450µs and 200µs at 0 K, giving to the spontaneous decays γ s =2.0kHz, γ r =5.0kHz [64] . With these parameters, we numerically solve the master equation (17) and obtain the fidelity which takes the expression of [23] is a possible way to reduce the loss from middle states [14] . Besides, we are particularly interested in the fidelity at t = t max (the end of pulse) which also stands for the final population in the entangled state |5 .
In Fig. 2 we compare the fidelity F (t max ) (solid curve) solved from numerically diagonalizing Hamiltonian (5) with its analytical form F a (t max ) (dotted curve). Both starting from the initial product state |gg , a good agreement is found between F (t max ) and F a (t max ) as t max is adjusted from 0 to 50µs. In addition, it shows that the fidelity reduces by less than 0.15 when γ s(r) increases from 0 (black solid and dotted), 1.0kHz (red solid and dotted) to a more realistic case with γ s =2.0kHz, γ r =5.0kHz (blue solid and dotted), since γ s(r) t max ≪ 1 is always fulfilled. Furthermore, we also study a room temperature T = 300K with the decay rates γ s = 7.0kHz, γ r = 10.0kHz [64] , and find the maximum of fidelity F only attains 0.72 when t max ≈ 35µs (not shown). Insets of Fig. 2 presents a detailed description for the time-dependent populations |a a j (t)| 2 (top panels), |a j (t)| 2 (middle panels) following the adiabatic eigenstate |λ a 0 (t) and |λ 0 (t) , as well as the real population dynamics ρ jj (t) (bottom panels) in the case of γ s =2.0kHz, γ r =5.0kHz. The perfect agreement between |a j (t)| 2 and ρ jj (t) (except ρ 55 (∞) is a bit small) confirms the existence of such a quasi-dark adiabatic eigenstate |λ 0 (t) that indeed can be adiabatically followed, resulting in an efficient population transfer from
Note that the analytical solutions |a a j (t)| 2 have a slight deviation from the other two due to the perturbations.
The reason for poor fidelity (F ≈ 0.862) is mainly caused by the non-ignorable population in intermediate states, see the right column of insets. States |3, 4, 6 are indeed occupied during the adiabatic transfer. If the decay rates are smaller than 1.0kHz the fidelity can attain more than 0.95. One way to improve the fidelity of our scheme is searching for suitable Rydberg states with longer lifetime. As in Rost's work [18] , a higher fidelity is obtained in the timescale of a few µs with strong and short pulses; however it does not work here because we need to follow the evolution of a quasi-dark eigenstate that means a longer pulse duration will lead to better adiabaticity. So the decay rates of intermediate states must be an obstacle for the performance of the scheme. In the following calculations, to focus on the effects of other parameters, we will ignore the decays by using γ s = γ r = 0, t max = 50µs.
Next we investigate the effect of changing rate m of chirped detuning pulses on the fidelity F (t max ). As displayed in Fig. 3a with m increasing from 1.0 to 8.0, we see the fidelity sharply grows to be 1.0 after m = 6.0. Through the definition of detunings (19) , it is clear that m value only determines the changing rate, rather than the initial and peak values that are fixed [see the inset of Fig.3(a) ]. The reason for that can be qualitatively understood from the eigenenergy spectrum of λ 0 (t) and λ 1 (t), labeled by solid curves as plotted in Fig.3(b1)-(b3) . The presence of an avoided crossing (near-degenerate energy levels) between the adiabatic eigenstate |λ 0 and its adjacent eigenstate |λ 1 is revealed. For comparison we also plot the analytical expressions of eigenvalues λ a 0 (blue stars) and λ a 1 (red circles) that are well consistent with the numerical results before the avoided crossing t cro . But, it shows a reversal at t > t cro , i.e. λ a 0 = λ 1 and λ a 1 = λ 0 . Because in the perturbation method, we have simply assumed |λ a 0 is always the adiabatic eigenstate with its eigenvalue |λ a 0 | smaller than other states during the whole adiabatic process. In a real process, |λ 1 instead of |λ 0 becomes the lowest energy state after the avoided crossing.
The location of the avoided crossing can be obtained exactly by considering λ
At t = t cro , the addition of two detunings (∆ + δ) is compensated by the exchange energy D 0,sr , leading to D = 0. Hence, it is easy for us to solve the optimal D 0,sr value by considering D 0,sr = |∆(t cro )| − |δ(t cro )|. By using V 0,rr = 45MHz, V 0,ss = −30MHz as suggested, we obtain t cro ≈ 27.89µs and the resulting D 0,sr is 7.5MHz, which is very close to the value 7.0MHz used in the numerical simulations.
Decreasing m leads to the energy spacing ∆E n at t = t cro rapidly reduces, that is ∆E 8 (2.232MHz)>∆E 7 (0.934MHz)>∆E 3 (0.0043MHz). A small energy spacing can easily give rise to the breakdown of the adiabaticity, see the right side of Eq. (16) . Therefore, for m = 8 the system evolutes along one isolated adiabatic eigenstate |λ 0 and enables the transfer of |1 → |5 (green dotted arrow). As for m = 7 a partial number of population is transferred back into the ground state |1 following |λ 1 at t > t cro . Turning to the case of m = 3 with ∆E 3 ≪ ∆E 8 , entire population persists settling on the ground state due to the energy degeneracy of |λ 0 and |λ 1 at t = t cro . By the above analysis, we use m = 8.0 in the following sections.
Role of Rydberg interactions
To further investigate the criterion for high entanglement fidelity and understand the role of various Rydberg interactions, especially the interstate exchange interaction D 0,sr , we study the fidelity F (t max ) in the space of (D 0,sr , V 0 ) as shown in Fig. 4(a) , where we have assumed V 0,rr = V 0 and V 0,ss = −V 0 (opposite signs as required). Fig. 4(a) shows that, for a vanishing or negative D 0,sr , the fidelity always vanishes irrespective of V 0 . The reason is by using ∆(t) + δ(t) < 0, an appropriate and positive D 0,sr that can compensate for ∆(t) + δ(t) is a key condition for realizing a high-fidelity entanglement. Once D 0,sr is optimally determined, the creation of the maximally entangled state |5 is robust, irrespective of the precise value of intrastate interactions V 0 . In other words, the strong blockade condition with the intrastate interaction |V 0 | much larger than Rabi frequency Ω is not necessary. Our scheme has a good implementation in the partial blockade where the relevant parameters |V 0 |, Ω, ω are comparable values [43] .
Another interesting feature lies in that F suddenly vanishes when |V 0 | is too small, e.g. at D 0,sr = 10MHz and |V 0 | < 30MHz, F ≈ 0 as marked by a white dashed curve in Fig. 4(a) . To understand this result, if |V 0 | is too weak the doubly Rydberg state |ss(rr) is highly detuned by the variation of ∆(δ), the resulting final state will still be the initial ground state |gg . To be more clearly, we plot the adiabatic condition in Fig. 4(b) according to its definition (16) , where the horizontal axis denotes the ratio of |d∆(t)/dt| to the square of energy spacing between λ 1 and λ 0 , the vertical axis denotes V 0 . If |d∆/dt|/|λ 0 − λ 1 | 2 ≫ 1 it means the adiabaticity breaks. Actually, the ratio being much larger than one within the regime of |V 0 | < 30 is observed, which exactly confirms the prediction that the adiabaticity really breaks there, leading to a poor fidelity.
To further understand the eigenenergy properties and compare the effect of intrastate Rydberg interactions V 0 with different signs, we show the eigenvalues involving λ 0 , λ 1 and λ 2 for V 0 =60MHz and -60MHz, with respect to Fig. 5(a) and (b) . In (a) one could obviously see that λ 0 (t) separates from λ 1 (t) and λ 2 (t) by large energy spacings. In particular, the smallest energy spacing between λ 0 (t) and λ 1 (t) at t = t cro is more than 2.5MHz (good adiabaticity). So state |λ 0 (t) is a good adiabatic eigenstate along which the full population transfer from |1 → |5 can carry out. The analytical solutions λ Whereas, in (b) there exists two extra avoided crossings between λ 1 (t) and λ 2 (t) [see the inset for an amplification], where the energy spacing tends to be zero. The presence of two extra avoided crossings is understandable where ∆(t) and δ(t) are respectively compensated by suitable V 0,ss and V 0,rr . The resulting effective detunings S and R closing to zero may lead to the instantaneous occupancy on |ss and |rr . Although |λ 1 (t) and |λ 2 (t) nearly degenerate in this case, we stress that the revival of the entangled state fidelity comes from the existence of an isolated adiabatic eigenstate |λ 0 , which is luckily not influenced by these two avoided crossings. Therefore, as similar to (a) the high-fidelity entanglement generation remains in the case of V 0 = −60MHz. The reason for small deviations between numerical λ 1 (λ a 1 ) and analytical results λ 2 (λ a 2 ) in (b) comes from that the eigenenergy redistributes between |λ 1 (t) and |λ 2 (t) in the avoided crossing regimes. Figure 5 . (color online). Eigenenergy spectrum for the two-atom scheme. λ 0 (t) is eigenenergy for the target adiabatic eigenstate and λ 1 (t) (λ 2 (t)) for the nearest (next-to-nearest) neighboring non-adiabatic eigenstate. Finally, we also show the fidelity with respect to different intrastate interactions V 0,ss and V 0,rr , as displayed in Fig. 6 which confirms that V 0,ss V 0,rr < 0 is necessary for achieving the entanglement with high fidelity. Beyond that regime if V 0,ss V 0,rr > 0 the fidelity is always very low no matter how to change them.
Conclusion
To conclude we have proposed a novel scheme for producing high-fidelity maximal entanglement between two different Rydberg states in a two-atom system based on a chirped adiabatic passage. Different from typical STIRAP technique that requires a pair of laser pulses performing in a counterintuitive order, two slowly-varying detuning pulses (∆(t) and δ(t)) with suitable envelopes enable an adiabatic connection between the initial ground and target entangled states. For realistic parameters used in the calculations we see that the initial population prepared in the ground state can efficiently evolve into a desired entangled state within tens of microseconds. The scheme does not demand the interaction strengths to be in the strong blockade regime that is much larger than the laser Rabi frequency. Once the temporal profiles of the detuning pulses and the atomic interactions, especially the exchange interaction between two atoms in different Rydberg states, are moderate and optimized, the entanglement which is insensitive to the precise value of intrastate interactions between same Rydberg energy levels, will be robustly created. Our method may provide a new route to the entanglement between two atoms on different Rydberg states with high fidelity.
In comparison with other methods using dissipation for the creation of an entangled steady state with high-fidelity ∼ 0.99 [24, 23, 25] , here, the obtained fidelity of entangled state is slightly low ∼ 0.862 with realistic parameters γ s =2.0kHz, γ r =5.0kHz and t max =50µs. The main loss of fidelity for the entanglement generation is caused by the spontaneous decay from population in intermediate states during the adiabatic process, which is impossible to be fully suppressed due to the reliance of a quasi-dark adiabatic eigenstate. Also, as comparing to Rost's works, our scheme provides a flexible way to optimize time-dependent pulses based on the adiabatic evolution of a quasi-dark eigenstate. In the future, we will further explore the ways to improve the fidelity of entanglement with more appropriate Rydberg states, e.g. involving longer lifetimes or larger Rabi frequencies, or by using other approaches such as shortcut to adiabaticity [65] , adiabatic rapid passage [66] and so on. Besides, we will extend our model to a N-atom system for realizing a many-body entanglement by the adiabatic tools. 
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